I. Introduction
HROUGH careful consideration of the orbit perturbation force due to the oblate nature of the primary body a secular variation of the ascending node angle of a near-polar orbit can be induced without expulsion of propellant.
Resultantly, the orbit perturbations can be used to maintain the orbit plane in, for example, a near-perpendicular (or at any other angle) alignment to the Sun-line throughout the full year of the primary body; such orbits are normally termed Sun-synchronous orbits [1, 2] . Sun-synchronous orbits about the Earth are typically near-circular Low-Earth Orbits (LEOs), with an altitude of less than 1500 km. It is normal to design a LEO such that the orbit period is synchronised with the rotation of the Earth"s surface over a given period, such that a repeating ground-track is established. A repeating ground-track, together with the near-constant illumination conditions of the ground-track when observed from a Sun-synchronous orbit, enables repeat observations of a target over an extended period under T By definition, a given Sun-synchronous orbit is a finite resource similar to a geostationary orbit. A typical characterising parameter of a Sun-synchronous orbit is the Mean Local Solar Time (MLST) at descending node, with a value of 1030 hours typical. Note that ERS-1 and ERS-2 used a MLST at descending node of 1030 hours ± 5 minutes, while ENVISAT uses a 1000 hours ± 5 minutes MLST at descending node [3] . Following selection of the MLST at descending node and for a given desired repeat ground-track, the orbit period and hence the semi-major axis are fixed, thereafter assuming a circular orbit is desired it is found that only a single orbit inclination will enable a Sun-synchronous orbit [2] . As such, only a few spacecraft can populate a given repeat ground-track Sunsynchronous orbit without compromise, for example on the MLST at descending node. Indeed a notable feature of on-going studies by the ENVISAT Post launch Support Office is the desire to ensure sufficient propellant remains at end-of-mission for re-orbiting to a graveyard orbit to ensure the orbital slot is available for future missions [4] .
An extension to the Sun-synchronous orbit is considered using an undefined, non-orientation constrained, lowthrust propulsion system. Initially the low-thrust propulsion system will be considered for the free selection of orbit inclination and altitude while maintaining the Sun-synchronous condition. Subsequently the maintenance of a given Sun-synchronous repeat-ground track will be considered, using the low-thrust propulsion system to enable the free selection of orbit altitude. An analytical expression will be developed to describe these extensions prior to then validating the analytical expressions within a numerical simulation of a spacecraft orbit. Finally, an analysis will be presented on transfer and injection trajectories to these orbits.
II. Satellite Motion about an Oblate Body
The gravitational potential may be written as [1] , , = , cos + , sin , sin =0 =0 (1) which, for a body possessing axial symmetry may be written, for a point external to it, as
This assumption is valid for Earth as the influence of periodic effects (tesseral and sectorial harmonics) can be neglected for most orbits, with the notable exception of geostationary orbits. It is thereafter found that 
Through a combination of Eq. 5 and Eq. 8, and assuming that the change in other orbit elements is small over the integral, the standard Sun-synchronous orbit can be found as 
where, is the mean rotation rate of the Sun within an Earth-centred inertial reference frame per second.
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III. Low-Thrust Rotation of Ascending Node Angle with J 2
From Eq. 5, and noting that 0 for 0 < , a secular variation of the ascending node angle over the orbit period is obtained when the low-thrust propulsion system provides an out-of-plane perturbation which switches sign as a function of + [6] . The combined 2 and low-thrust out-of-plane perturbation is thus 
with the second integral on the right-hand side of Eq. 12 equalling . To solve the first integral, independent of the physical meaning of the variables, it is assumed that 0 < 1. Thereafter Eq. 12 becomes 
Eq. 14 can be solved analytically for semi-major axis. However, as the function has eight roots such a derivation would be convoluted and it is solved numerically herein, allowing determination of the enabled Sun-synchronous orbits over a range of semi-latus rectum and inclination for a given, continuous low-thrust perturbation following the switching control law detailed above.
Assuming a circular orbit, Eq. 14 is solved numerically within Figure 1 . From Figure 1 , it is seen that for a given altitude the addition of a continuous low-thrust perturbation enables the use of different orbit inclinations. For example, at n = 15 the natural Sun-synchronous orbit has altitude approximately 561 km, assuming mean volumetric radius of Earth, and inclination 97.6 degrees. However, by application of a continuous low-thrust perturbation of magnitude 0.34 mm s -2 the Sun-synchronous orbit can be shifted to n = 14, altitude 888 km while maintaining the same orbit inclination.
Extension 
IV. Displaced Sun-Synchronous Orbits
The use of continuous low-thrust has been shown to enable extension of Sun-synchronous orbits to alternative inclinations for a given repeat cycle. However, a continuous low-thrust propulsion system can be used to further displace the orbit from those derived using Eq. 14, enabling the orbit altitude to be varied for a given repeat-ground track through consideration of displaced two-body orbits. A displaced two-body orbit is an orbit which does not satisfy the conditions of a Keplerian orbit, instead using a low-thrust propulsion system to counteract the effects of gravity and to, for example, orbit at a period consistent with a different orbit semi-major axis. Thus, Sunsynchronous orbits (natural or extended) can be displaced such that the orbit altitude is changed without impacting the orbit period, hence maintaining a desired repeat cycle but at an inclination and altitude of choice. A displaced orbit, in the two-body problem, with an orbit period fixed by the reference orbit is termed a Type-III displaced orbit [7, 8] .
The equation of motion of a satellite in the rotating reference frame, as shown in Figure 2 , may be written as 
where, = and r is the reference orbit radius against which the displaced orbit shall be synchronous.
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To maintain a given repeat ground-track, the vertical, or out-of-plane displacement from the reference orbit is zero (z = 0) while the desired thrust is along the radial direction. Recall that the required thrust for a non-natural Sun-synchronous orbit is out of the orbit plane and hence decoupled from the thrust required for a displaced orbit.
From Eq. 14 and Figure 1 for an out-of-plane perturbation of magnitude 0.2 mm s -2 at n = 14 a Sun-synchronous orbit can be achieved at orbit altitude 888 km and inclination 98.2 degrees or 99.8 degrees, i.e. ± 0.79 degrees, depending on the orientation of the low-thrust propulsion. Using Eq. 18 it is found that for a further orbit perturbation of magnitude 0.2 mm s -2 , in the radial direction, the orbit altitude can be varied by up to 64 m without altering the orbit period or ground-track. Similarly, an altitude variation of 1 km can be achieved by a radial orbit perturbation of magnitude 3.1 mm s -2 . Clearly large variations in the orbit altitude require prohibitively large acceleration magnitudes, however small variations could be used for EO formation flying applications, such as distributed synthetic aperture radar. Finally, it is noted that each of the above steps allows the spacecraft to move from simply occupying a length of space around the Earth, i.e. a standard orbit, to initially an area of space defined as a segment of the surface of a sphere, i.e. variable inclination. To secondly, a volume of space defined as a segment of a thin-walled sphere, i.e. variable inclination and altitude whilst always maintain a constant groundtrack. Thus, the tracking of such an agile, unknown Earth observation (i.e. hostile military reconnaissance) spacecraft would be significantly more complex.
V. Numerical Simulation
The analytical analysis was examined within a numerical simulation for validity. The numerical simulation propagates the spacecraft position using an explicit, variable step-size Runge-Kutta (4, 5) formula, the DormandPrice pair (a single step method) [9] , to integrate the modified equinoctial equations of motion in the Gauss" form From Eq. 5 it is seen that the rate of change of the ascending node angle varies as the sinusoidal function of the argument of latitude. Therefore, assuming a circular orbit, the rate of change of the ascending node angle is zero at equatorial crossings regardless of the out-of-plane force applied. As such, any thrusting by the spacecraft within this region would be highly inefficient and spacecraft thrusting should be focused about the polar regions of the orbit.
Note that such coast arcs require the thrust magnitude be increased such that the total delivered force about the orbit remains constant, however it can be shown that a coast arc of 25 degrees either side of the equator requires the force magnitude to be increased by less than 5 %. Furthermore, the thrust direction switching law described and used above could be replaced by a unidirectional thrust, for example, an attitude fixed solar sail, using an eccentric orbit with pericentre located over a planetary pole. On such an orbit, the rate of change of ascending node would be unbalanced about the semi-latus rectum/equatorial crossing, giving a secular variation in ascending node angle. Such a scenario is analogous to the Mercury Sun-Synchronous concept where a solar sail provides the required orbit perturbations for a Sun-Synchronous orbit at Mercury, otherwise not possible due to Mercury"s high reciprocal of flattening [16] .
VII. Conclusions
It has been shown that the analytical derivation of the Sun-synchronous orbit can be extended to allow free selection of the orbit inclination and semi-major axis for a given repeat ground-track. The analytical derivation was considered using a numerical simulation, which showed that the extended and displaced Sun-synchronous orbit was valid. It was also shown that the required propellant to inject a spacecraft into such orbits was easily tolerable. The
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level of thrust required to maintain either an extended Sun-synchronous orbit, or a displaced Sun-synchronous orbit was shown to be consistent with near-term technology under development for future planned missions including the BepiColombo mission.
